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. LetP=1-2-3-n=n! and let S=1+2+3+ ... +n, where n is a positive integer.
(a) Prove that if n is odd, then S divides P exactly.

(b) Prove that the converse of part (a) is not true.

2. Let x,,x,,X;,..x, be real numbers such that

x, +4x, +9x; +16x, +25x +36x, +49x, = 2015
4x, +9x, +16x; +25x, +36x, +49x, + 64x, = 2016
9x, +16x, +25x, +36x, +49x, + 64x, +8lx, =2017.

Compute, with proof, the value of 16x, +25x, +36x, +49x, + 64x, +81x, +100x,.

B
3. Inacute triangle ABC, altitudes BP and @ are constructed,
with P on AC and Qon AB. IfBC=8and PC =35, compute, Q
with proof, cos (£LPQC).
A P C

4. Letf{x)= ax’ + bx + cbe a polynomial with real coefficients.

(a) Iff(-1), f(0), and f(1) are all even integers, prove that f{k) is an even integer for
every integer k.

(b) Suppose there exist three consecutive integers m, n, p for which f(m), f{n) and
fp) are all even integers. Prove that f(k) is an even integer for every integer k.

5. The diagram shown is formed by extending the sides
of a right triangle and constructing the four circles
that are each tangent to all three lines. Prove that the
sum of the lengths of the radii of the three smaller circles
is equal to the length of the radius of the largest circle.
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1. (a) If nis odd, then n =2k + 1 where £ is a positive integer. Then
P 1:2:3--2k+) 2k +1)! _ (2k+)!
S 1+2+3+..+2k+1) l(2k+1)(2k+2) k+1)(k+1)
2

Since both (2k + 1) and (k + 1) are factors of (2k + 1)!, S divides P.

(b) To prove that the converse of part (a) is not true, we need only find a counterexample.
That is, we need to find an even integer n such that S divides P exactly.

Using a little trial and error, if n =8, P=8! =1-2:3:4:5:67-8, and S =36 = 2-3-6.
Clearly S divides P for n = 8, and the converse of part (a) is not true.

2. Observe that subtracting 3 times the second equation from the sum of the first equation
and 3 times the third equation gives an equation with the desired expression on the left.

More generally, we can deduce this relation by finding coefficients a, b, and c such that
an® + b(n + 1)* + ¢(n + 2)* = (n + 3)* holds for all n.

Considering this last equation as a polynomial identity in n, expand and simplify both sides,
then equate coefficients of like powers of n.

atb+c =1
2b+4c=6
b+4c=9

The solution of this system is @ = 1, b =3, and ¢ = 3. Therefore, the desired value is

16x, +25x, +36x, +49x, + 64x; +8lx, +100x,= 1(2015) — 3(2016) + 3(2017) = 2018.

3. We will prove £PQC = £PBC.

Method 1: Let E be the point of intersection of the altitudes, and let mZPQC = 6.
Since ABEQ is similar to APEC, ZABP = LZACQ. LetmZABP=m/ZACQ= .

Then sinZBQP = sin(90 + 6) = cos 6. B

Using the Law of sines on ABQP:
sin/ZBQP _ sinx Q
BP QP

Using the Law of sines on AQCP:



sina@ siné

QP PC
Therefore, sinZBQP = smH. = sinf = EsinLBQP = sinf = Ecos6
PC PB PB
Thus, tan @ = sin 0 = P—C =tan ZPBC = 6 = /PBC.
cosf
Method 2: Let E be the point of intersection of the altitudes. B

Construct the third altitude to point R on side BC.

Since the altitudes of a triangle are concurrent, A_Rpasses
through point E. Q

Right angles AQE and APE are supplementary, making
quadrilateral AQEP cyclic. Therefore, ZPQE and LEAP
are congruent inscribed angles.

Triangle APE and triangle BRE are similar, and thus P C
LEAP = LEBR. Then by the transitive property,
£PQE (PQC) = LEBR (PBC)

Since BC = 8 and PC= 5, using the Pythagorean Theorem on ABPC, BP = V39.

V39

Therefore, cos (£PQC) = cos(£PBC) = e

4. (a) We are given that, for x) = ax® + bx + ¢, and f{-1), £{0), and f{1) are even integers. Thus
f-)=a-b+c=2r
A0)= c=2s
f)y=a+b+c =2t
where r, s, and ¢ are integers. Solving for a, b, and c in terms of 7, s, and ¢, we obtain

a= r+it-2s
=—r+t
c= 2s

Therefore, a, b, and c are all integers and c is even. Also, since a — b = 2r — 2s, which is an
even integer, we know that @ and b are either both even or both odd.

Case (i) a and b are both even.
Then for every integer k, fik) = ak” + bk + ¢ is an even integer since ak’, bk, and c are all
even integers.

Case (i1) a and b are both odd.

Then for every even integer k, ak* and bk are even, making (k) = ak> + bk + ¢ even.



For every odd integer k, ak* + bk is the sum of two odd integers, and therefore
ak® + bk is an even integer. So f{k) = (ak® + bk) + ¢ is an even integer.

(b) Let the given set of three consecutive integers be t — 1, ¢, and ¢ + 1, so that f{t — 1), f{f), and
At + 1) are all even integers. Let g(x) =f(x +¢). Then

g =At-1)
g(0) =A1)
gh=fe+1)

Since these are all even integers, g(x) is a quadratic polynomial satisfying the conditions
of part (a). Therefore, g(#) is even for all integers 4. Letting & =k — ¢, we have g(k — 1) = f(k)

is an even integer for every integer k. \

First consider the inner circle. Noting that the tangents

to a circle from an external point are congruent, label a-x
the diagram as indicated. Then if the lengths of the

sides of the right triangle are a, b, and c,

(a—x)+ (b—x) =c sothat x=a——c+b.

Next consider the largest circle and label the diagram
as indicated. Then

(w—a)+ (w—>b)=c so that W=Lb+c.




Next consider either of the remaining two circles
and label the diagram as indicated. Then

cta—-y=b+y sothaty=c+a_b.

Finally, using the same argument on the remaining
circle with a and b interchanged gives a radius of

length ctb-a

Adding the lengths of the radii of the three smaller

circles, a-c+b N c+a-b N c+b-a _ a+b+c
2 2 2 2

which is the same as the radius of the largest circle.
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