KENNESAW STATE fle 2t 2oy 0
JUNIVERSITY

COLLEGE OF SCIENCE AND MATHEMATICS
Department of Mathematics

THE 2019-2020 KENNESAW STATE UNIVERSITY a = nr2
HIGH SCHOOL MATHEMATICS COMPETITION R ’
PART II

Calculators are NOT permitted

Time allowed: 2 hours

Four numbers are in arithmetic sequence. If the second number is decreased by 3
and the fourth number is increased by 12, the four numbers, in the same order, would

then be in geometric sequence. Find all possible four number arithmetic sequences
and prove that you have found them all.

Let f(x) = x? + ax + b, where a and b are integers. If |f(0)| <452 and f(300) is a prime
number, prove that f(x) = 0 has no integer solutions.

3. In quadrilateral ABCD, AB = AD =4, BC=CD =5, and ZADC = /BCD.

BA and CD are extended to meet at point P. Compute, with proof, the distance
from P to BC.
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The product n(n + 13) is a perfect square when n = 36, since 36(36 + 13) = 1764 = 422,
In fact, n = 36 is the only value of n for which n(n + 13) is a perfect square.

Prove that for each prime number p > 2, there is exactly one positive integer n such that
n(n + p) is a perfect square.

5. In the diagram, AE = 2(EC), BD = 2(AD), and point F is
the midpoint of DE. Compute, with proof, the ratio of the E
area of triangle BFC to the area of triangle ABC.



1.

Solutions

Method 1: Represent the four numbers in arithmetic sequence as a, a +d, a + 2d, and a + 3d.
Then, the geometric sequence isa,a+d—3,a+ 2d, and a + 3d + 12. Therefore,

a+d-3 a+2d

a  a+d-3

a+3d+12  a+2d

a+2d  a+d-3

Therefore, 6a + 6d —9 = 9a+3d —36 = a=d+09.
Substituting this last equation into (1) and simplifying,

d2-12d —45=0 = (d—15)(d+3)=0 = d=15d=-3.

= (a+d-3)?=a(a+2d) = d*=6a+6d—-9 (1)

= d? = 9a + 3d — 36.

Similarly,

If d = 15, a = 24, and the arithmetic sequence is 24, 39, 54, 69
If d =-3, a =6, and the arithmetic sequence is 6, 3, 0, -3.

A quick check shows that 24, 39, 54, 69 satisfies the conditions of the problem, with
the corresponding geometric sequence being 24, 36, 54, 81.

However, 6, 3, 0, —3 does not work since 6, 0, 0, 9 is not a geometric sequence.
Therefore, the only arithmetic sequence is 24, 39, 54, 609.

Method 2: Represent the four numbers in arithmetic sequence as a, a+d, a + 2d, and a + 3d.
Let the terms of the geometric sequence be represented by a, ar, ar?, ar3. Then

(1) ar=a+d-3 and (2) ar’=a+2d and (3) a+3d=ar®—-12

From (1) a(r—-1)=d-3. From (2) a(r?—1)=2d = a(r—1)(r+1)=2d.
2d

Therefore, (d-3)(r+1)=2d = (4) r+l=——

a-3
From3) ar? —a=3d+12 = a@r3-1)=3d+12 = a(r-1)(r>+r+1)=3(d+4)

Substituting (1) into this last equation and dividing by d — 3, we obtain

() (2 +7r+1)= 2

d-3
2d  3(d+4 2d  d+12
Substituting (4) into (5) we obtain r2 + _3@a+d) _ gz =300+ _

d-3  d-3 d-3  d-3 d-3°
F 4 —_ ﬂ 1 — E 2 — (d+3)2
rom (4) r—d_g— =13 = r “ a2
d+12 (d+3)? _ .
Therefore, 13 = (d—3)2 from which we eventually obtain d = 15. Thus, from (4),

3
r= > and from (1) a = 24. Therefore, the only such arithmetic sequence is 24, 39, 54, 69.



Assume that f(x) = 0 has an integer root x;. Since the lead coefficient of x? + ax + b is 1,
the sum of the roots is —a. Since a is an integer, f(x) has another integer root x, = —a — x;.
Thus, f(x) = (X — x;)(X — x5), and f(300) = (300 — x,)(300 — x,). Without loss of generality,
let x; > x,.

Since we are given f(300) is prime, this means that (300 — x,;) = +1 and (300 — x) is prime.
Therefore, x; > 299 while |x,| > 7 (since 293 and 307 are the closest primes to 300).

Since the product of the roots of f(x) = x? + ax + b isb, |f(0)| = |b| = |x;x,| > 7-299 = 2093.
But this is a contradiction, since we are given |f(0)] < 45% < 2093.

Therefore, f(x) = 0 has no integer solutions.

Method 1: Construct diagonal AC. Since AADC = AABC (SSS), ZADC = ZABC. Therefore,
mZDCA =m«/BCA =% m/ABC. Let m/BCA =x and mZABC = 2x, and let AC = a.
Using the Law of Sines on AABC,

B
4
sin2x _ sinx 2(sinx)(cosx) _ sinx a ,A/ """""""""" ZXAE.
= = = = COSX=—. " |
a 4 a 4 8 - [N {
///// RN
= 4 Noo |
—— / N |
P _ __ /] X
) ey —— N
Using the Law of Cosines on AABC, D 5
2
a a _ 3 3 1
42 =52 + g2 — 2(5)(a) (§) = a=6. Thencosx = il and cos2x = 2 (Z) -1=2

Now, construct the altitude of APBC to BC, meeting BC at point M. Since APBC is isosceles
(£C = £B), M is the midpoint of BC. Thus, BM = MC = 2.5.

2.5
Then, in right APMB, cosB =— = 1 ,and PB = 20. B
PB 8 A -
Finally, using the Pythagorean Theorem T ;
on APMB, PM? = 20% — 2.5% = 393.75 T Y A— DX M
15V7 T / ‘1
and PM =+/393.75, or T\/_ P __ 4L
which is the desired distance. D C
Method 2: Construct diagonal BD. Since AADB and ACDB are both
isosceles triangles, ZADC = ZABC and both are congruent to #BCD.
Thus, APBC is isosceles. Let PB =x, PA=x-4,and PD =x-5.
Using the Law of Cosines on APAD,
_ 2 2 4 B
1) 16=(x—-4)*+(x—5*—2(x—4)(x—5)cosP AT~ 1
=TT s
-="" / 7
X ”/AL/”/ / el |°
"7 4/ /7 "x
- / 2
P _ N i
X=5 D 5  C



Using the Law of Cosines on APBC,
2x2-25

2x2

25=x% 4+ x?> —2x%cosP = cosP=

Substituting into (1) above,
2x2-25
16 = 2x2 —18x+41—2(x2—9x+20)( a2 )
Carefully simplifying this last equation, we obtain 2x%? — 45x + 100 = 0
5
Factoring, (2x — 5)(x — 20) = 0 from which x = 2 (impossible) and x = 20.
Finally, construct the altitude of PM of APBC and noting that M is the midpoint of BC,

use the Pythagorean Theorem on APMB. 5
A —1
PM? = 202 — 2.52 = 393.75 -ty -\
sz =TT [ :

and PM = /393.75, or T‘/_ N M
which is the desired distance. Pem==— T __ 1 ,\

D C

Assume that n(n + p) = a? for some positive integer a.

We first prove that n is not a multiple of p.

Suppose that n = kp for some integer k. Thenn +p = kp +p = (k + 1)p and, therefore,
a’? =n(n+p) =p?k(k + 1)

2
Hence, p must divide a which means g is an integer, and k(k + 1) = (g) .

Then, k < % <k + 1, which is impossible. Therefore, n is not a multiple of p.

Next, we prove that n and n + p have no common prime factors. Suppose a prime ¢ divides
both nand n + p. Then g divides (n +p) —n=p, and p =q. But we already know that p does
not divide n. So nand n + p have no common prime factors.

Since a? = n(n + p), and n and n + p have no common prime factors, both n and n + p
must be perfect squares. Letn + p = u? and n = v? for some integers u and v. Then
p=u?—v?=(u+v)(u—v). Sincepisprime,u+ v =pandu—v = 1. Subtracting

2
. . -1 -1 L.
these two equations, and solving for v, we get v = pT andn=v? = (pT) , Which is

an integer since p — 1 is even. This is the only possible value of n for which n(n + p) could
_pi+2p+1
= - =

12
be a square. Also, n +p = (pTl) N

and so the product n(n + p) is a square.

2
+1\“. :
(p 5 ) is the square of an integer,



1
The desired ratio is 5 .
Method 1

Construct AF and BE. Represent the area of AABC as [AABC].

[AAFE] = [AAFD], since DF = FE, and AAFE and AAFD have
the same altitude from point A. Similarly, [ABFE] = [ABFD].

Thus, [AAEB] = 2[AAFB],
D
[AAFE] = 2[AEFC], since AE = 2(EC) and AAFE and AEFC

have the same altitude from point F. Similarly, [ABFD] = 2[AAFD] = 2[AAFE] = 4[AEFC].
Also, [AADE] = [AAFD] + [AAFE] = 4[AEFC].

2 2
[AAEB] = 3 [AABC], since AE = 3 AC and the triangles have the same altitude from point B.
2 1
Therefore, [AAEB] = 2[AAFB] = 3 [AABC] = [AAFB]= 3 [AABC]

Also, [AAFB] = [AAFD] + [ABFD] = [AAFE] + [ABFD]
= 2[AEFC] + 2[AAFD] = 2[AEFC] + 4[AEFC] = 6[AEFC] .

1 1
Therefore, [AAFB] = - [AABC] = 6[AEFC] = [AEFC] = — [AABC].

Finally, [ABFC] = [AABC] - [AEFC] — [AADE] - [ABFD]
1 4 4 1
= [AABC] - I [AABC] - T8 [AABC] - T8 [AABC] = E[AABC].

Method 2

Construct perpendiculars from D, A, F, and E to BC, and
label the points of intersection D,, A;, F;, and E, respectively.

The area of AABC = % (BC)(AA,)

Since DD, is parallel to AA;, ADD,B is similar to AAA,B.
1 DB 2

— 2
AR, “Ap =3 = DDiTiAA

Therefore,
A D
EE; _EC 1

L L I -1
Similarly, AEE; C is similar to AAA;C, and AA, AC 3 = EE; 3AA1.

Since F is the midpoint of ED, FF, is the median of trapezoid EE,D,D.
Then, FFy =~ (EE; + DD) =~ (GAA +2AA;) =2 AA,.

Thus, the area of ABCF =3 (BC) (FF; ) = - (BC)(3AA,) =3 |5 (BC)(AAy)|.

2
Therefore, the area of ABCF is half the area of AABC.



Method 3
Let EC =x, EA=2x, AD =y, BD =2y, and DF = EF = w.
Let ZADE = « and ZAED = g.

9xysinA
1 2 |
Area AAED = > (Zx) (y)sinA = xysinA.

Area AABC = % (3x) (By)sinA =

1 1
Area AEFC = 2 xw sin(180 — ﬁ) =3 xwsing.

Area AFDB = %W(Zy) sin(180 — @) = ywsina.

. . 2x 2w y
Using the Law of Sines on AAED, —— = —— = —.
sina sinA sinf

Therefore, sinf = £ ;mA and sing = X504
w 'WA
1 sinA xysin i
Then Area AEFC = = xw Y - , and Area AFDB = yw xsinAy xysinA.
2 2w 4 w
Therefore,
AreaABFC _ AreaAABC—AreaAAED—-AreaAEFC—AreaAFDB _
AreaAABC AreaAABC
9xysinA _ xysinA _ (2 1 1 1) xysinA
— xysinA — — xysinA 2 4 1
9xysinA 9

> > Xysin



